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Abstract 



STABLE DIRECTIONS FOR 
EXCITED STATES OF 
NONLINEAR SCHRODINGER EQUATIONS 

^ ! Tai-Peng Tsai and Horng-Tzer Yau 

(N 

We consider nonlinear Schrodinger equations in W^. Assume that 
CN ■ the hnear Hamiltonians have two bound states. For certain finite 

i codimension subset in the space of initial data, we construct solutions 

^T) ' converging to the excited states in both non-resonant and resonant 

■ cases. In the resonant case, the linearized operators around the excited 

states are non-self adjoint perturbations to some linear Hamiltonians 
with embedded eigenvalues. Although self-adjoint perturbation turns 
embedded eigenvalues into resonances, this class of non-self adjoint 
. perturbations turn an embedded eigenvalue into two eigenvalues with 

the distance to the continuous spectrum given to the leading order by 



' the Fermi golden rule. 

> ■ 



1 Introduction 



■ Consider the nonlinear Schrodinger equation 



idt^ = (-A + V)ij + X\^lJ\^, i,{t = 0) = ^0 (1.1) 

where is a smooth localized potential, A is an order one parameter and 
tp = tplt, x) : M X M'^ — y C is a wave function. The goal of this paper is to 
study the asymptotic dynamics of the solution for initial data ipo near some 
nonlinear excited state. 

For any solution iplt) G the L^-norm and the Hamiltonian 

are constants for all t. The global well-posedness for small solutions in (M^) 
can be proved using these conserved quantities and a continuity argument. 
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We assume that the hnear Hamiltonian Hq := —A + V has two simple 
eigenvalues Cq < ei < with normalized eigen-f unctions (po, 0i. The non- 
linear bound states to the Schrodinger equation (|1 . 1|) are solutions to the 
equation 

{-A + V)Q + \\Q\^Q = EQ . (1.3) 

They are critical points to the Hamiltonian T-C[ip] defined in ( |1.2|) subject to 
the constraint that the L^-norm of ip is fixed. 

We may obtain two families of such bound states by standard bifurcation 
theory, corresponding to the two eigenvalues of the linear Hamiltonian. For 
any E sufficiently close to cq so that E — cq and A have the same sign, there 
is a unique positive solution Q = Qe to ( p.. 3D which decays exponentially as 
X — > oo. See Lemma 2.1 of |21|. We call this family the nonlinear ground 
states and we refer to it as {Qe}e- Similarly, there is a nonlinear excited 
state family {Qi,Ei}e^- ^^^^ abbreviate them as Q and Qi- From the same 
Lemma 2.1 of these solutions are small and we have \\Qe\\ ~ \E — eo\^^'^ 
and \\Qi,eA ~ |^i-ei|^/2. 

It is well-known that the family of nonlinear ground states is stable in 
the sense that if 



inf \\i>{t) - Qec 



i0\ 



IL2 



is small for t = 0, it remains so for all t, see |13]. Let ||-||^2 denote a local 



loc 



norm, for example the L^-norm in a ball with large radius. One expects 
that this difference actually approaches zero in local norm, i.e., 

lim inf llV^(t) -Q£;e^®|L =0. (1.4) 



If — A + V has only one bound state, it is proved in [|T7| []Tn[ that the evolution 
will eventually settle down to some ground state Qeo^ with E^o close to E. 
Suppose now that —A + V has two bound states: a ground state 0o with 



eigenvalue Cq and an excited state 0i with eigenvalue Ci. It is proved in |20 
that the evolution with initial data tpQ near some Qe will eventually settle 
down to some ground state Qe^ with E^o close to E. See also for the 



one dimensional case, [|T8| for nonlinear Klein-Gorden equations with one 
unstable bound state. 
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If the initial data is not restricted to near the ground states, the problem 
becomes much more delicate due to the presence of the excited states. On 
physical ground, quantum mechanics tells us that excited states are unstable 
and all perturbations should result in a release of radiation and the relaxation 
of the excited states to the ground states. Since bound states are periodic 
orbits, this picture differs from the classical one where periodic orbits are in 
general stable. 

There were extensive linear analysis for bound states of nonlinear Schrodinger 
and wave equations, see, e.g., |jl5|, 0, |1^ |^, H, A special case of The- 

orem 3.5 of page 330, states that 

Theorem A Let Hi = —A + V — Ei. The matrix operator 



JHi 



Hi 
-Hi 



J 



1 
-1 



is structurally stable if and only cq > 2ei . 

The precise meaning of structural stability was given in [^. Roughly 
speaking, it means that the operator remains stable under small perturba- 
tions. Theorem A will not be directly used in this paper. 

As we will see later, the linearized operator around an excited state is a 
perturbation of J Hi. Thus, two different situations occurs: 

1. Non-resonant case: Cq > 2ei. (cqi < |ei|). 

2. Resonant case: Cq < 2ei. (cqi > |ei|). 

Here Cqi = ei — Cq > 0. In the resonant case. Theorem A says the linearized 
operator is in general unstable, which agrees with the physical picture. In 
the non-resonant case, however, the linearized operator becomes stable. The 
difference here is closely related to the fact that 2ei — Cq lies in the continuum 
spectrum of Hq only in the resonant case. 

In the resonant case, the unstable picture is confirmed for most data near 



excited states in our work ||21|. We prove that, as long as the ground state 
component in iJjq — Qi is larger than HV'oll^ times the size of the dispersive 
part corresponding the continuous spectrum, the solution will move away 
from the excited states and relax and stabilize to ground states locally. Since 
ll-^oll^ is small, this assumption allows the dispersive part to be much larger 
than the ground state component. 
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There is a small set of data where does not apply, namely, those data 
with ground state component in ipQ — Qi smaller than ||'?/^o||^ times the size 
of the dispersive part. The aim of this paper is to show that this restriction 
is almost optimal: we will construct within this small set of initial data a 
"hypersurface" whose corresponding solutions converge to excited states. 

This does not contradict with the physical intuition since this hypersur- 
face in certain sense has zero measure and can not be observed in experiments. 
These solutions, however, show that linear instability does not imply all so- 
lutions to be unstable. In the language of dynamical systems, the excited 
states are one parameter family of hyperbolic fixed points and this hypersur- 
face is contained in the stable manifold of the fixed points. We believe that 
this surface is the whole stable manifold. 

We will also construct solutions converging to excited states in the non- 
resonant case, where it is expected since the linearized operator is stable. We 
now state our assumptions on the potential V: 

Assumption AO: Hq := —A + V acting on L^(R'^) has two simple eigen- 
values Co < ei < 0, with normalized eigenvectors (pQ and (pi. 
Assumption Al: The bottom of the continuous spectrum to —A + V, 0, is 
not a generalized eigenvalue, i.e., not an eigenvalue nor a resonance. There 
is a small o" > such that 

|V"\/(a;)| < for|a|<2. 

Also, the functions (x ■ V)''V, for k = 0,1,2,3, are —A bounded with a 
— A-bound < 1: 

II (x ■ V) V0II2 < ao II-A0II2 + C\m,, ao < 1, = 0, 1, 2, 3 . 

Assumption Al contains some standard conditions to assure that most 
tools in linear Schrodinger operators apply. In particular, it satisfies the 
assumptions of ||2^ so that the wave operator Wh = limj^oo e'^^^e^^^ satisfies 
the W^''^ estimates for k <2. These conditions are certainly not optimal. 

Let cqi = 61—60 be the spectral gap of the ground state. In the resonant 
case 2eoi > |eo| so that 2ei — cq lies in the continuum spectrum of Hq, we 
further assume 
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Assumption A2: For some Sq > 0, 

70 = , inf lim Im f 0o0?, — : Pc^Vo^?) > 0. (1.5) 

|s|<so 0-^0+ \^ Hq + cq — 2ei + s — ai J 

Note that 70 > since tlie expression above is quadratic. This assumption 
is generically true. 

Let Qi = Qi^Ei be a nonhnear excited state with ||(5i,£;ill2 small. Since 
{Qi, El) satisfies the function ipit, x) = Qi{x)e~^^^^ is an exact solution 
of ( |1.1| ). If we consider solutions il){t,x) of ( |1 . 1| ) of the form 

= [Qi{x) + h{t,x)] e-'"'' 

with hit, x) small in a suitable sense, then h{t, x) satisfies 

dth = Cih + nonlinear terms 

where £1, the linearized operator around the nonlinear excited state solution 
Qi{x)e~'^^\ is defined by 

Cih = -i {(-A + V -Ei + 2XQl) h + XQlh}. (1.6) 



Theorem 1.1 Suppose Hq = —A + V satisfies assumptions AO-Al. Suppose 
either 

(NR) Co > 2ei, or 

(R) Co < 2ei, and the assumption A2 for 'Jq holds. 
Then there are > and 6Q{n) > defined for n G (0,no] such that the 
following holds. Let Qi := Qi^Ei be a nonlinear excited state with \\Qi\\^2 = 
n < no, and let L\ he the corresponding linearized operator. For any C,oo G 
UciCi) n (W^'^ n H^){M.^) with UooWw^AnH^ = e, < e < £o{n), there is a 
solution tplt, x) of (|1 . 1| ) and a real function 6{t) = 0{t^^) for t > so that 

\\m-i^umH^<ce'{i+t)-'/\ 

where C = C{n) and 

To prove this theorem, a detailed spectral analysis of the linearized op- 
erator Ci is required. We shall classify the spectrum of Ci completely in 
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both non-resonant and resonant cases, see Theorems |2.1| and 2]^. It is well- 
known that the continuous spectrum of Ci is the same as that of J Hi, 
i.e., Sc = {si : s G M, |s| > l-Eil}. The point spectrum of Ci is more subtle. 
By definition, Hicpi = —{Ei — ei)0i and -ffi0o = —{Ei — eo)0O) and thus 
the matrix operator JHi has 4 eigenvalues ±i{Ei — ci) and ±i{Ei — cq). In 
the non- resonant case, the eigenvalues of £i are purely imaginary and are 
small perturbations of these eigenvalues. In the resonant case, the eigenval- 
ues ±i{Ei — Co) are embedded inside the continuum spectrum Sc. In general 
perturbation theory for embedded eigenvalues, they turn into resonances un- 
der self-adjoint perturbations. The operator Ci is however not a self-adjoint 
perturbation of Hi. In this case, we shall prove that the embedded eigenval- 
ues ±i{Ei — Cq) split into four eigenvalues ±uj^: and ±a;* with the real part 
given approximately by the Fermi golden rule (see [|12| Chap. XII. 6): 

n^Im ( A0O0?, 7, TT PcA0i0o 

\ —A + V + Cq — 2ei — 



Here n is the size of Qi, see ( p. 41 ). In particular, e*^^ is exponentially unstable 



with the decay rate (or the blow-up rate) given approximately by the Fermi 
golden rule. In other words, although self-adjoint perturbation turns embedded 
eigenvalues into resonances, the non-self adjoint perturbations given by Ci 
turns an embedded eigenvalue into two eigenvalues with the shifts in the real 
axis given to the leading order by the Fermi golden rule. The dynamics of 
self-adjoint perturbation of embedded eigenvalues were studied in [0. 

In the appendix we will prove the existence of solutions vanishing locally 
as t — i> cx), independent of the number of bound states in Hq. Although some 
weaker versions of this proposition are expected, it has never been proved in 
current form and we include it for completeness. 

Proposition 1.2 Suppose Hq = —A + V satisfies assumption Al. There is 
an Eq > such that the following holds. For any C,oo ^ Hc(i/o) H (VT^'^ H 
H'^){R^) with < ||^oo|lvK2.ini?2 = ^ ^ ^o, there is a solution ip(t,x) of ( |1.1| ) 
of the form 

^(t) =e-^*^°eoo + ^7(t), (t>0), 
with \\g{t)\\^, < Ce'(l+t)-2. 
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2 Linear analysis for excited states 

As mentioned in §1, there is a family {Qi,Ei}e-^ of nonlinear excited states 
with the frequency Ei as the parameter. They satisfy 



-A + V)Qi + \\Qi\^Qi = EiQi 



(2.1) 



Let Qi = Qi^Ei be a fixed nonlinear excited state with n = ||Qi,£;ill2 ^ 
hq <^ 1. The linearized operator around the nonlinear bound state solution 
Qi{x)e-'^'^ is defined in (0|) 



C^h = -i{{-A + V - Ei + 2XQl)h + XQlh} . 

We will study the spectral properties of Ci in this section. It properties are 
best understood in the complexification of L^(R'^,C). 

Definition 2.1 Identify C with and E^ = L'^(M.^,C) with L'^(M.^,R'^). 
Denote hyCE^ = L'^{R^,C'^) the complexification of L'^(M.^,R'^). CL^ consists 
of 2- dimensional vectors whose components are in E^ . We have the natural 
embedding 



Re/ 
Im/ 



We equip CL^ with the natural inner product: For f,g ^ CL^, / = [jl], 
g = [f^], we define 



{f,9) = j f ■gdx = j {figi + /2^2) dx. 



(2.2) 



Denote by RE the operator first taking the real part of functions in CL"^ and 
then pulling back to E^ : 



RE : CU 



RE 



{Ref)+i{Reg). 



Recall the matrix operator JHi defined in Theorem A. Since Hiipi = 
— {El — ei)(f)i and i^i^o = —(-£'1 — eo)0O; the matrix operator JHi has 4 
eigenvalues ±i(£'i — ei) and ±i{Ei — eo) with corresponding eigenvectors 



01 




01 




00 




00 


-201 




201 


5 


-200 


5 


200 



(2.3) 



Notice that 



El - ei = 0(22^), El - eo = eoi + 0(22^ 



(2.4) 
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The continuous spectrum of JHi is 

Ee = {si : s e M, |s| > \Ei\}, 

which consists of two rays on the imaginary axis. 
The operator Ci in its matrix form 

L_ = -A + V - El + \Ql 



(2.5) 











with 



(2.6) 



L+ = -A + V - Ei + 3AQ? 
is a perturbation of J Hi. By Weyl's lemma, the continuous spectrum of £i 
is also Sc. The eigenvalues are more complicated. In both cases (eoi < |ei| 
and eoi > |ei|) they are near and ±ieoi. As we shall see, in both cases is 
an eigenvalue of Ci. The main difference between the two cases are the eigen- 
values near ieoi and — ieoi- If eoi < |ei|, then iem lies outside the continuous 
spectrum and Ci has an eigenvalue near icqi which is purely imaginary. On 
the other hand, if Cqi > |ei|, then ie^i lies inside the continuous spectrum. 
Generically it splits under perturbation and the eigenvalues of Ci near ±zeoi 
have non-zero real parts. 

We shall show that L'^iW^, C), real vector space, can be decomposed 
as the direct sum of three invariant subspaces 



\C) = 5(/:i)©Ei(£i)© He(£i) 



(2.7) 



"0 


1" 




'0 -I 




'1 " 


1 





, 0-2 = 


i 


, 0-3 = 


-1 



Here S{Ci) is the generalized null space, Ei(£i) is a generalized eigenspaces 
and Hc(£i) corresponds to the continuous spectrum. Both S{Ci) and Ei(£i) 
are finite dimensional. 

Recall the Pauli matrices 

0-1 

They are self- adjoint and 

(TiCi 

where = ^_ 

Let Ri = dEiQi,Ei- Direct differentiation of ( |2.1| ) with respect to Ei gives 
L+Ri = Qi. Since L^Qi = and L+Ri = Qi, we have £1 [gj = and 
£1 [^1] = - We will show dimK5(/:i) = 2, hence 



Clai, (T3C1 = -£10-3, 



(2.8) 



S{Ci 



span 





Qi 



Ri 




(2.9) 
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Hc(£i) can be characterized as 
He(£i) = e CL" : {aiij, f) = 0, V/ G S{Ci) © Ei(£i)} . (2.10) 



We will use ( 2.101 ) as a working definition of Hc(£i). After we have proved 



the spectrum of Ci and the resolvent estimates, we will use the wave operator 
of Ci (see ^) to show that (|2.10|) agrees with the usual definition of 

the continuous spectrum subspace. See §2.5. 

The space Ei(£i), however, has very different properties in the two cases, 
due to whether ±i(-Ei — eo) are embedded eigenvalues of JHi. We will 
consider Ei = Ei(£i) as a subspace of L^(R^,]R^) and denote by CEi C 
CL^ the complexification of Ei. We will show that CEi is a direct sum of 
eigenspaces of Ci in CL^. We also have 

M\g) = 0, V/ G 5(£i), \/g G ¥.,{C^). (2.11) 

We have the following two theorems for the two cases. 

Remark The case Cq = 2ei: The spectral property of Ci is not clear. 

Theorem 2.1 (Non-resonant case) Suppose eo > 2ei, and the assump- 
tions AO-Al hold. Let Qi = Qi^Ei be a nonlinear excited state with suffi- 
ciently small L'^-norm, and let Ci be defined as in (|l.(j| ). 

(1) The eigenvalues of Ci are and icj^,. The multiplicity of is two. 
The other eigenvalues are simple. Here tu* = in, n is real, k = Cqi + O(n^). 
There is no embedded eigenvalue. The bottoms of the continuous spectrum 
are not eigenvalue nor resonance. 

(2) The space = L^(R^,C), as a real vector space, can be decomposed 
as in ( p.7|) . Here S{Ci) and Hc(£i) are given in (|2.9|) and (|2.10| ), respec- 
tively; Ei(£i) is the space corresponding to the perturbation of the eigenvalues 
±i{Ei — Co) of J Hi. We have the orthogonality relation ( p.ll|) . 

(3) Let CEi denotes the complexification o/ Ei = Ei(£i). CEi is 2- 
complex- dimensional. Ei is 2-real- dimensional. We have 

CEi = span{$,$} , 

^ (2.12) 
Ei = span{[I5],[S]}. 

R 

Here $ = [^iv] is an eigenfunction of Ci with eigenvalue cu*. u and v are 
real-valued L"^ -functions satisfying L^u = —kv, L_f = —nu and {u,v) = 1. 



9 



u and V are perturbations of (pQ. $ = [j"] zs another eigenfunction with 
eigenvalue —u^... We have £1$ = u^,^, £1$ = —u^,'^. 

(4) For any function ( G Ei(£i), there is a unique a E C so that 

C = RE a$, 

and we have CiC = RE co^a^, e^^^C = RE e*'^*Q;$. 

(5) We have the orthogonality relations in ( p.lOD and Hence any 
ijj & Li^ can he decomposed as (see ( p.7|) ) 



ip = a 



Ri 







Qi 



+ c 



+ d 



+ r] 



(2.13) 



with rj G Hc(£i), 

a = {Qi,Riy^{Qi,Rei/j), c = {u,v)~^{v,Reilj), 

b = {Qi,Ri)-\Ri,lmip), d= {u,v)-\u,lmi;). 

(6) Let Ml = Ei(£i) © Hc(/:i). We have 



(2.14) 



Mi = Ei(£i)© He(/:i) 
There is a constant C2 > 1 such that, for all (j) G Mi and all t G 



Qi 



< e 



tCi 



iHi' 



.<C2 



m 1 



(A; = 1,2). 



(2.15) 

we have 
(2.16) 



(7) Decay estimates: For all rj G Hc(i2i), for all p G [2, 00], one has 



le'^^'vL, < C\t\ 



-3( 



2 p' 



LP ■ 



Theorem 2.2 (Resonant case) Suppose cq < 2ei, and the assumptions 
A0-A2 hold. Let Qi = Qi^Ei be a nonlinear excited state with sufficiently 
small L'^-norm, and let Ci be defined as in ( [L.6| ). 

(1) The eigenvalues of Ci are 0, ±uj^, and ±ui^,. The multiplicity of 
is two. The other eigenvalues are simple. Here uj^, = iK, + j, k, 7 > 0, 
K = Coi + O(n^), and |A^7on'^ < 7 < Cn'^. (70 is given in ( |1.5| ) ). There 
is no embedded eigenvalue. The bottoms of the continuous spectrum are not 
eigenvalue nor resonance. 

There is an u^,- eigenvector $, £1$ = u^,^, which is of order one in 
and $ — [ ] is locally small in the sense that 



'^^^-[-%o])\<cn'\\{xy 



Il2 ' 



(2.17) 
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for any r > 3. However, $ is not a perturbation of [.t^,,] in CL^. In fact, 
$ = ["] with M — 00 ^^^^^ + ^00 o/ order one in L^, 

1 



Pc(/fo)A0oQl + 0{n') zn L' 



-A + V - El - K + ji 

and V = — L+m/cu*. Note —Ei — k, = cq — 2ei + 0{n^). 

(2) The space = L'^{M.^,C), as a real vector space, can be decomposed 
as in (p.7|). Here S{Ci) and Hc(£i) are given in ( |2.9| ) and ( |2.10| ), respec- 
tively; Ei(£i) is the space corresponding to the perturbation of the eigenvalues 
±i{Ei — Co) of J Hi. We have the orthogonality relation 

(3) Let CEi denotes the complexification of Ei = Ei(£i). CEi is 4- 
complex- dimensional. Ei is 4-i"Gal- dimensional. If we write $ = ["] = 

with ui,U2,Vi,V2 real-valued functions, we have 



Ui + ^^2^ 
Vi + f 2^ 



CEi = span {$, $, 0-3$, a3^} 



El = span 



Ui 




M2 















5 





5 






f2 



f2.18) 



Recall CT3 



J^i]. r/ie o^/ier eigenvectors are $, 0-3$ and (73$, 



(2.19) 



(4) For any function Q G Ei(£i), i/iere a unique pair (a,/3) G so 



that 



C = RE {a$ + /5a3$} 



(2.20) 



and we have CiC = RE {cj=,a$ - a;*/5cr3$}, e^^^C = RE {e*'^*a<l> + e~*'^*/3o-3<l>}. 

(^5y) M^e /iawe i/ie orthogonality relations in ( |2.10D and ( [^.11[ ). Moreover, 
o-i<l ± {$, 0-3$, 0-3$}, (71$ ± {$, 0-3$, 0-3$}, and / uvdx = 0, etc. For any 
function ip G CL"^, if we decompose 



i/j = a 



Ri 




+ b 



■ ■ 

Qi 



+ + + /9lCT3$ + /52Cr3$ + T] 



(2.21) 



where a, b, ai, 02, /52 G C and 77 G Hc(£i), i/ien we have 

a = Ci{cri[Q^] b = Ci{ai[^Q^] 

"1 = C2(ai<l, a2 = C2(ai$, V), 

Pi = -C2{cria3^,ilj), P2 = -C2{cria3^,ip), 



(2.22) 
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where c|f^ = {Qi,Ri) and c^^ = (cri<l>, $) = f 2uvdx. (Note CiA > 0.) 
The statement that ip & Ei is equivalent to that a, 6 G M, ai = 02 = 
Pi = P2 = Pf^ and 1] is real. In this case, 



i/j = a 



Ri 




+ b 



■ ■ 

Qi 



(2.23) 



with a,b E M., rj E Hc(£i) real, a,P eC, and 



a = P^{^) = 2c2(ai$,V^), P = Ppii,) = -2c2ia^as^,^). (2.24) 

Pa and Pp are maps from to C 

(6) There is a constant C > 1 such that, for allrj G Hc(£i) and allt G M, 
we have 



m 1 



(A; = 1,2). 



(7) Decay estimates: For all rj G Hc(£i), for all p G [2, 00], one has 

where C = C{n,p) depends on n. 

Remark (i). In (6), we restrict ourselves to Hc(£i), not Mi as in 
Theorem |2.1| . (ii). In (3), $ is not a perturbaiton of [-t^g]- Also, the 
functions Ui and U2 are independent of each other. So are vi and V2- (iii) 
In (7) the constant depends on n since there are eigenvalues which are very 
close to the continuous spectrum. 



Since the proof of Theorem pTll is easier, we postpone it to the last subsec- 



tion §2.8. We will focus on proving Theorem p.2| in the following subsections 



2.1 Perturbation of embedded eigenvalues and their 
eigenvectors 

In this subsection we study the eigenvalues of £1 near icoi- By symmetry we 
get also the information near — ieoi. 

For our fixed nonlinear excited state Qi = Qi^Ei, let H = —A + V — Ei + 
\Q\. {H is Li in (p2.6|).) Let 0o denote a positive normalized ground state 
of H, with ground state energy — p which is very close to — cqi. Hence the 
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bottom of the continuous spectrum of H, which is close to |ei|, is less than 
p. We have 

HQ, = 0, H^o = 



(2.25) 



We want to solve the eigenvalue problem £i$ = a;*$ with a;* near ieoi. 
Write $ = The problem has the form 

\u] _ \u 

_-{H + 2XQl) oj [v\ ~'^* [v_ 

for some a;* near icoi and for some complex L^-functions u,v. We have 

Hv = uj^u, {H + 2XQI)u = —uj^v. 

Thus H{H + 2\Qf)u — —ulu. Suppose a;* — ik -\- ^ with 7 > 0. Since 
Im(— cu^) < and H is real, it is more convenient to solve H{H + 2X01)^ — 
—ujIu instead. If we decompose u = a0o + hQi + h with h G Hc(-ff), we find 
6 = since u G Image if. Since a 7^ 0, we may assume u = (pQ + h. Let 
A = H2\Q\ and z — —Cul ~ p^. (A small Rea;* > corresponds to a small 
Imz > 0.) We have 

{H^ + A){^o + h) = z{^o + h), 



I.e., 

z^o + zh^ p^4>o + A4>Q + {H'^ + A)h. 
Taking projection Pc = Pc(if), we get 

Zh = Pe^0o + {H^ + Pc^Pc)/i ■ 

If Im^ ^ 0, 



(2.26) 



(2.27) 



On the other hand, if Im^; = 0, then h is generically not in L^. We will 
assume Im^; 7^ in this subsection. The non-existence of eigenvalues with 
Im 2; = will be proved in next subsection. 
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Taking inner product of ( |2.26| ) with (pQ, we get 

z = p^ + (00, A^o) + (^00, Ah^ . 
Substituting ( ^.271 ), we get 

z = p^ + i^o,A^o)-{^o,A{H^+P,AP,-z)-'P,A^o)- (2.28) 

If A is self-adjoint, then the signs of the imaginary parts of the two sides 
of the equation are different. Thus z is real and generically h is not in L^. 
In our case, A = H2\Q\ is not self-adjoint. Recall H(f)Q = —p4>o. Equation 
(|2.28| ) becomes the following fixed point problem 



z = f{z) (2.29) 

where 

f{z)=p'-p{^o2XQl^o) 

+ p(^^o2XQl, {H^ + HP,2\QlP,- zy^HP,2\Q%y (2.30) 

Let 

Riz) = (H' - z)-'H = ^ + \ (2.31) 

2{H - y/z) 2{H+y/z} 

where i/i takes the branch Im^/i > if Imz > 0. We can expand f{z) as 

oo 



Let 



k=l 

(2.32) 



zq = p^ -p(0o2AQi0o), 

zi = zq + ApX^ {(i>oQl, R{zq + Oi) PcQSo) • 



We have \zi — Zq\ < Cn from its explicit form, (cf. ( ^.35| ) of Lemma 
below). We also have, by ( |2.25D and (|Op 

Im^i = Im4pA2 (^^Ql ^^^^j^ PcQ?0o) > | CqiA V 70 + ©(n^) > 0. 

Let tq = |((eoi)^ — |eip) be a length of order 1. Denote the regions 

G = {x + iy : \x - p'^l < ro, <y < r^} , (2.33) 
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D = B{zi,n^) = {z: \z - Zi\ < } 



(2.34) 



Clearly zq & G, zi E D G G. Also observe that the real part of all points in 
G are greater than We will solve the fixed point problem ( 2.29| ) in D. 

We need the following two lemmas. 



Lemma 2.3 Fix r > 3. There is a constant Gi > such that, for all z E G, 

l(L2,L2) 



x)-' V,R{z) Pc (x)-'-|L, < Ci, (2.35) 



(x)-'-Pe^i?(z)Pe(x)- 



< Ci(Im^) 



-1/2 



(2.36) 



(L2,L'2) 



Here Pc = Pc(if). Moreover, forwi,W2 G G, 



\{x) Pc[R{Wi) - R{w2)]Pc {x) ''11(^2.^2) 

< Gi{ma.x{lmwi,lmw2))~^^'^\wi —W2\- (2.37) 



Proof. We have 

R{z) = {H^-z)-'H 



+ 



(2.38) 



2{H-^) 2{H + ^) 

Since 2{h+^) regular in a neighborhood of G, it is sufficient to prove the 
lemma with R{z) replaced by Ri{z) := {H — ^/z)^^ . 

That II (x)"*" Pc-Ri(z) Pc (s)~'"||^^2 ^2) ^ Ci is well-known, see e.g. [0], 0. 
The estimate ( |2.36D will follow from ( ^.37] ) by taking limit. We now show 
( |2.37| ) for Ri{z). For any Wi,W2 G G, we have \^/wi — ^Jw2\ < \wi — W2\. 
Write ^Jwl = ai + ihi and ^/w2 = 02 + z&2- We may assume < 61 < 62- Let 
W3 G G be the unique number such that y/w^ = ai + i&2- 



For any u,v G L"^ with 



1, let Ml = Pc (x) ^ u, Vi 



Pc {x) V. We have mi, i;i G n L'^{M?) and 
f^i, (x)-'^ Pc [Ri{wi) - Ri{w^)] Pc (x)-''^;) I 



(ui,e-**(^-'^^)t;i)(e-'i*-e-'2*)rft 



< 





00 



(1 + t)-'"\e~'"' - e-'^*) dt < Gipy^ - h^^) < h2^'\h2 - h). 



Here we have used the decay estimate for e with H = —A + V — Ei — XQl, 
namely, 



-itH 



Pc4ro.<C\t\ 



-3/2 



(2.39) 
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under our Assumption Al. See [j^, ^, pi[ . 
We also have 

{ui,e-''^"-''-'^'^v^) (e^^'^i-"^)* _ 1) dt 





oo 



Since |ai — 02] + |6i — &2I ~ I ~ ^ l""^! ~ ""^2!) we conclude 



Hence we have ( |2.37| ) 



Q.E.D. 



Lemma 2.4 Recall the regions G and D are defined in ( |2.33| )-( p.34| ) 

(1) f{z) defined by ( p.30|) is well-defined and analytic in G. 

(2) \ f{z)\ < Cn\lmz)-^/^ m G and \j\z)\ < 1/2 in D. 

(3) forwi,W2 e G, 

\f{wi) — f{w2)\ < Cn^ (max(Imwi, lmw2)y^^^\wi — W2\. 

(4) f{z) maps D into D. 

Proof. By (|2.35| ), the expansion ( p.32D can be bounded by 
1/(^)1 <C + GGin^ + GC^n^ + ■■■ 



and thus converges. Since every term in ( 2.32 ) is analytic, f{z) is well- 
defined and analytic. We also get the estimates in (2). To prove (3), let 
b = max(Im Wi, Im ^2)- Then from ( p.35| )-( p.37| ), 



\f{wi) - f{w2)\ <J2CkG'[n^''+^b~^/^\wi - W2\ < Gn%'^/^\wi - 



W^2 



k=l 



It remains to show (4). We first estimate \f{zi)—zi\. Write Zi = Zo+a+bi. 
Recall that \a\ < Gn^ and \X'^-fon^ < \b\ < Cn^. Using (^]^ and (^]^ we 
have 



1/(^1) - ^il = (0oQ?, - R{Z^ + 00] Peg?0O 



00 



wo 



k=2 



< Gn%~^/^{\a\ + \b\) + GGln^ + CCfn^ + ■ ■ ■ < Cn^ 
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Hence \ f{zi) — Zi\ < Cn^. For any z E D, we have 

\fiz) -z,\< \f{z) - fiz,)\ + -z,\<^\z- z,\ + Cn' <\z- z,\. 

Hence f{z) E D. This proves (4). Q.E.D. 



We are ready to solve (|2.29| ) in G. By Lemma |2]J (1), (2) and (4), the map 
/ — /(z) is a contraction mapping in D and hence has a unique fixed point z^: 
in D. By (3), for any z E G we have \ f{z) — f{z^)\ < Gn'^{lmz^)~^^'^\z — z^:\ < 
i|z — Hence there is no other fixed point of f{z) in G. 

By symmetry, there is another unique fixed point with negative imaginary 



2 



part. Moreover, they have the size indicated in Theorem p.2| . We will prove 
in Subsections 2.2 and 2.3 that u;* does not admit generalized eigenvectors 
and that there is no purely imaginary eigenvalue near zcqi, i.e., there is 
no embedded eigenvalue. Hence a;*, and —a;* are simple and are the only 
eigenvalues near ieoi- 

We now look more carefully on z^, and m*, where m^, denotes the unique 
solution of H{H + 2\Q\)u^ = —ojIu^ with the form = 0o + /i*. 
Recall 1^1 — I < and 

^1 = - pQ)q2XQ%) + ApX^ i^^Ql, R{zo + Oz) PcQS 

where Zq = p"^ — p(0o2AQf0o). Hence 



a/^ = ^/z^+0{n^) 

= p- (0oAQ?0o) + (0oQ?, R{zo + Ot) PcQ?0o 

Ap 

Since z^ = —uj^, we have a;* = i^/z^. Thus if we write uj^ = in + 7, then 



K = p- (0oAQ?0o) + ^(0oAg?0o)' 



+ Re 2A' ((f)oQl, R{zo + Ot) PcQi^o) + O(n^), (2.40) 
7 = - Im2A2 (0oQ?, i?(^o + Oz) Pcg?0o) + ^(n^). 
By ( |2.31|) , (p.25|) , and expansion into series. 
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By (O), 7 > X^n^-fo + 0{n^) 



By {^^) and A = H2XQI, we have 

K = -{H^+ V,H2\Q\V, - z,)-'HP,2XQl^o, (2.42) 

where Pc = Pc{H). We now expand the resolvent on the right side as in 
( |2.32| ). Then by Lemma |2.3| , we can derive h)\ < Cn^ || {xY ^Hg, for any 



r > 3. 

We now show that is bounded in with a bound uniform in n. 
Recall = K + i7 with n ~ eoi, 7 > |A^7on'^. Since Qi = ncpi + 0(n'^), by 
expansion and ( p.25| ) we have 

= -{H- v/iT)-! Pe(iJ)A0oQi + 0{n^) 

= ^— TT^- :Pc(//o)A0oQ? + O(n2), (2.43) 

—A + V + s — •yi 

where s = —Ei — k = cq — 2ei + O(n^). Here we have used the fact that 

N 

fc=i 

for some local functions 0^, 0^ of order one. We will show that the leading 



term on the right of ( 2.43 ) is of order one in L . It follows from the same 



proof that O(n^) on the right is also in sense. 
Observe that, for f{p) e with II/II2 < 1, 

f{p)- ^ -Ji.P) dp 



— s + — s — 72 

1/(^)1' (^^dy^^p 
<c + c 

1 

= C + 2C dr<C + C/7. 

Jo [r + ir 

Using wave operator for —A + V, we have similar estimates if is replaced 
by -A + V. Since A0oQ? = 0{n^), 

where C is independent of n. Since u = 0o + /i = 0o + ^ + 0{n^), we 
have obtained the u part of the estimates ||$||^2 < C and ( p.l7| ). The 
corresponding estimate for v can be proved using v = {—L^)u/uj^. 



2.2 Resolvent estimates 

In this subsection we study the resolvent R{w) = {w~Ci)^^. Note that R{w) 
had a different meaning in the previous subsection. We will prove resolvent 
estimates along the continuous spectrum and determine all eigenvalues 
outside of Sc. 

Let Ll denote the weighted spaces for r G M: 

Ll = {f:{i + xY'fi^)eL\m')}. 

We will prove the following lemma. 

Lemma 2.5 Let R{w) = {w — Ci)~^ be the resolvent of Ci. Let B = 
B{Ll, L"^^), the space of bounded operators from to L^^ with r > 3. Recall 
uj^: = IK + 7. For T > \Ei\ we have 



\\R{iT ± 0)||b + \\R{-iT ± 0)||b < C{1 + r)-i/2 ^ ^(1^ _ ^1 ^ 



The constant C is independent of n. We also have 



n 



(2.44) 



\R'^''\iT ± 0)|L + ||i?(^)(-zr ± 0)|L < C(l + r)-(i+'^)/2 + C(|r -k\+ n^) 



4\-l 



(2.45) 



for derivatives, where k = 1,2. 



We first consider Ro{w) = {w-JHiY^. Recall Hi = -A + V-Ei. Since 

-1 T 



{w - JHiY^ 



w -Hi 
Hi w 

-i 1 ' 
-1 -i 



Hi + w"' 



w Hi 
-Hi w 



{Hi - iw)-' + - 



i 1 
-1 i 



{Hi + iw)-\ (2.46) 



the estimates of Ro{w) can be derived from that of {Hi — iw)^^ and {Hi + 
iw)^^. By assumption, the bottom of the continuous spectrum of Hi, —Ei, 
is not an eigenvalue nor a resonance of Hi. Hence {Hi — z)~^ is uniformly 
bounded in B for z away from cq — Ei and ci — Ei, see [^. By ( |2.46|) and 
( |2.4| ), Ro{w) is uniformly bounded in B for w with dist(w,Sp) > n, where 



Sp = {0,ieoi, -ieoi}. 
Write 



Ci = JHi + W, 



W 



AQf 
-3XQI 
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For R{w) = {w — Ci) ^ we have 

oo 

R{w) = (1 - Ro{w)W)-^Ro{w) = Y}Ro{y^WtRo{nj). (2.47) 



fc=0 



Since Rq{w) is uniformly bounded in B for w with dist(iy, Sp) > n, and W 
is locahzed and small, (|2.47|) converges and {w — Ci)~^ is uniformly bounded 
in B for w with dist(w, Sp) > n and we have 

< Cdist(w,Sp)"\ (n < dist(u;,Sp) < 1). (2.48) 

Recall Sc = {is : |s| > l-Ei]} is the continuous spectrum of JHi and Ci. 
For w in the region 

{w; : dist(w;,Sp) > ^ SJ, (2.49) 

we have 

ll-Ro(w)||(L2^i2) < Cdist(w, Sc)"^ 
By ( p.47|) , and because W is localized and small, 



II^HII(L2,L2) < ll^o(w)||(L2,i2) + 

oo 

+ ||i?o(^)||(^2,^2) {Cn^ \\R,{w)\\^Y-' \\R,{w) 



k-l 

W / -1 . . \ I , 

l(L2,L2) 

fc=l 

< Cdist(ti;,Sj"^ + Cdist(ti;,Sc)"^. 



Hence R{w) is uniformly bounded in (L^,L^) in a neighborhood of w. In 
particular, there is no eigenvalue of Ci in the above region ( |2.49| ). Note 



that this region includes a neighborhood of the bottom of the continuous 
spectrum Ec, ±iEi, except those in T,^. Hence the eigenvalues can occur 
only in {w : dist(w, Sp) < n} or Sc. 

The circle {w : = v^} is in the resolvent set of Ci. By |]12[ Theorem 
XH.6, the Cauchy integral 



7^ f {w - Ci) ^ dw 

'|ui|=v^ 



2m 



gives the L^-projection onto the generalized eigenspaces with eigenvalues 
inside the disk {w : \w\ < \/n}. Moreover, the dimension of P is an upper 
bound for the sum of the dimensions of those eigenspaces. However, since the 
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projection Pq = {2ni)~^ ^^^^^^ Rq{w) dw has dimension 2 (see 
and 

If °° 
P-Po = —f Yl [RoMW]' Ro{w) dw 

is convergent and bounded in by 

oo 
k=0 

< Cn~'/'Cn^n-'/^ = Cn, 



(here we have used ( |2.48| )), the dimension of P is also two. Since we already 
have two generalized eigenvectors [q^] and [^^] with eigenvalue 0, we have 
obtained all generalized eigenvectors with eigenvalues in the disk \w\ < ^/n. 
Together with the results in §2.1, we have obtained all eigenvalues outside of 
Sci 0, icj^K and ±uj^. 

We next study R{w) = {w — Ci)^^ for w near ±ieoi: \w — ieoi\ < n or 
\w + icoil < n. Let us assume w = ir — e with r, £ > 0, thus —w"^ lies in G 
(defined in ( 2.3^j| )). The other cases are similar. Let [g] G CL^. We want to 
solve the equation 

(2.50) 



u 




7" 


V 




_9_ 



{w - Ci) 
We have 

wu- Hv = /, wv + {H + 2\Ql)u = g. 

Cancelling u, we get (recall A = H2\Q\) 

w\ + {H^ + A)u = F, F = wf + Hg. 

Write u = a0o + PQi + V with r] e UdH) and Qi = Qi/ \\Qi\\2- Also 
denote ( = a0o + f^Qi- We have 

{w^ + H^ + P^A) C = P^F - P^Ar]. 
Here Pc = Pc{H) and P-*" = 1 — Pc. Solving rj in terms of we get 



r,= {w^ + H^+ P,A Pe) ' ( PcF - P,AC). 



(2.51) 
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Substituting the above into the ( equation we get 

.2 , ^2 ^ _ ^^2 + ^2 ^ P^AP^y^ P^a) C = F, (2.52) 



w 



F = P^F - P^A {w^ + H^+ PcA Pc) ^ PcF. 
Using 00 and Qi as basis, we can put (|2.52|) into matrix form 



a b 




a 











P. 







(2.53) 

where (recall H(f)Q = — p0o, HQi = 0) 

a = ^2 + p2 _ p(0o2AQ?0o) + p(0o2AQ^ {w'' + + P,AP,y^ HP,2\Ql^o), 

h = -p{^o2\QlQi) + p{^o2XQ^, {w'^ + H'' + P,AP,)-^ HP,2\QlQ^). 
Thus 



a 




P. 





1/a —hjiaxip- 







(00,^) 



(2.54) 



We now consider the case when w is near the continuous spectrum S^. 
We will assume w = ir — e with |t — eoi| < n and e > much smaller. The 
case w = ir + e follows similarly. 

Let z = —w'^. It follows that z G G and Re 2; > is small. The idea of 
what follows is to compare z with 2;^,, the fixed point found in §2.1. 



We have a = —z + f{z) = {z^, — z) + {—f{z^) + f{z)). Using Lemma |2]4 
(3) with wi = z and W2 = z^, we have 

\a\ > \z - \ - \ - f{z*) + f{z)\ > l\z - z^\ = ^\w^ - ul\ > C\w - 

Recall tu^K = m + 7 with 7 ~ n^. Hence \a\ > C(|r — k| + n^). Thus 



|a| + P\ < C{1 + \a\-^)\\F\\L2 < C{\t - k\ + 



n 



4\-l 



L2 



+ m 



L2. 



By (|33) and F = wf + Hg, 

r] = nw Pcf + VlH P^g - Vtw PcAC,, 
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where = {w'^ + H"^ + PcAPc) ^. Substituting the above into ( |2.51| ), we 
can solve t] and we have 



ML^<Ci\\f\\,. + \\9\\,.) + Cn'i\T~K\ 
We conclude, for u = a0o + (^Qi + Vi 

1^2 < {C + C{\T-K\+n^)-^) 



n 



4\-l 



L2 



\9\\l^, 



\u\ 



L2 



We can estimate v similarly. Thus, for r G (cqi — n, cqi + ri) 



||i?(ir ±0)||b <C + C{\t-k\ + 



,4\-l 



For r > eoi + n and w = -ir + 0, using = (1 + Rq{w)W) ^Rq{w) 

and the fact that ||-Ro(if)|lB — ^'(1 + t)^^^"^^ (see Theorem 9.2), we have 

For r G cqi — n], by the same argument we have ||-R(iT + 0)||g < C. 

The derivative estimates for the resolvent is obtained by induction argu- 
ment and by differentiating the relation R{1 + WRq) = Rq and using the 
relations (1 + WRq)-^ = 1 - WR and (1 + RqW)-^ = 1 - RW. See the proof 
of 1^ Theorem 9.2. We have proved Lemma 



2.3 Nonexistence of generalized 0;^=- eigenvector 

We now show that u^: is simple and $ is the only generalized ci;,,-eigenvector, 
i.e., there is no vectors (p with (£1 — 7^ but (£1 — uj^Ycf) = for 
some k > 2. Suppose the contrary, then we may find a vector 



with 



(cj* — £1) = * . That is, w = u^, and = * in the system (E.50|). 

We have F = wu^ + Hv^ = 2uj^u^:. Since = 0o + ^* with G Hc(-ff), we 
have (Qi, F) = (Qi, F) = (Qi, 2cj*m,) = 0. Hence /3 = 0. Also 

(^0, F) = (00, F) - {4>oH2\Ql [w'' + H^+ P,A P,) P,F) 
= 2uj, + p{4>q2XQI + ij2 ^ PcAPc)'^ 2w,/i,) 
= 2cj, [1 + p($, 



where Vt = {w'^ + + Pc^Pc) and $ = Pc0o2Ag^ Since the main term 
in {^,QnH<^), 



($, (w^ + H^)-\w^ + H'^Y^H^] 



23 



is positive, (0o, F) is not zero. 

On the other hand, a = + f\—ujl) = —z^ + f{z^) = 0. Hence there is 
no solution for a. This shows uj^: is simple (and so are —uj^:, icj^,). 

Once we have an eigenvector $ with £1$ = u^..^ and cu* complex, then 
we have three other eigenvalues and eigenvectors as given in (|2.19|) . Hence 
we have found all eigenvalues and eigenvectors of Ci. CEi is the combined 
eigenspace of icj^, and ±ci}*. It is easy to check that RE CEi = Ei. We 



have proved parts (l)-(3) of Theorem |2.2| in §2.1 to §2.3. 



2.4 Nonexistence of embedded eigenvalues 

In this subsection we prove that there is no embedded eigenvalue ir with 
|r| > \Ei\. Suppose the contrary, we may assume r > —Ei > and Ciip = 
irip for some ip G CL^. We will derive a contradiction. 
Let = —A — El. We can decompose 



Ci = JH, + A, 



A 



V + XQf 

-V - 3AQ? 



(2.55) 



Hence {ir — JH^)'il) = Ai/j. By the same computation of ( p.46|) we have 



where 



-i 1 
-1 -i 



M_ 



i 1 
-1 i 



Thus, with w = ir, we have 



(2.56) 



where 



M+Atp and 



M^Aip. By Assumption Al on the decay of 



V and that & L'^, both 0+, 0- G Ll_^^ with cr > 0. Since — r is outside the 
spectrum of H^:, we have {H^: + T)~^(f)+ G L^^^. Let s = Ei + t > 0. We 
have — T = — A — s. By assumption ip G CL^, hence so is {H^, — r)^^0_. 
Therefore (p^ — s)^^(f)^{p) G L^. Since G -^5+0-5 0- is continuous and we 
can conclude 



0. 



(2.57) 
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We now recall ||rT| page 82, Theorem IX. 41: Suppose f E Lf. with r > 1/2 
and let Bgf = (^{p^ — • Suppose = 0. Then for any e > 0, 

one has Bgf G -L^-i-2e II-^s/IIl2 ^ ^ — ||/||j;^2 for some constant 

In our case, we have / = 0_,£: = cr/2 and r = 5 + a. We conclude 
{H, - r)-V- = 5J G L2. Thus ^ G Lj. 

However, since {z — Ci)ip = {z — ir)ip, we have R{z)ip = {z — iT)~^ip. 
Thus we have 

— r 4 

where the constant C remains bounded as z zr by Lemma |2.5| . This is 
clearly a contradiction. Thus ip does not exist. 

2.5 Absence of eigenvector and resonance at bottom 
of continuous spectrum 

In this subsection we show that there is no eigenvector and resonance at 
±iEi. We want to show that, for n = \\Qi^Ei\\l2 sufficiently small, the null 
space of Ci ± iEi in X = L^^, r > 1/2, is zero. Let us consider the case at 
i\Ei\. Suppose otherwise, we have a sequence Qi^Ei{k) and ipk so that 

[Ci^Eiik] + iEi{k)) tpk = 0, W^pkWx = 1- 

As in the previous subsection, we write >Ci,_Ei(fc) = JH^ + A^, where H^: = 

-3 



^QU(fc)- By (Pi withr = 



-A - Ei{k) and = JV + 
we have 

= i^r - JH,)-^Ak^k = (-A + 2Tr^M+Ak^k + {-Ay^M^A^^k 

in X. Note that {—A+2T)~^M^Ak and {—A)^^M^Ak are compact operators 
in X, with a bound uniform in k. Since X is a reflexive Banach space, we can 
find a subsequence, which we still denote by ipk, converging weakly to some 
G X. Thus r ^ |ei|, {-A + 2Ty^M+Ak'^k i-A-2ei)-^M+JVilj^ and 
{-Ay^M^Aktpk i-A)-^ M+JVip^ strongly in X. Thus 

= (-A - 2ei)-'M+JVij, + {-Ay'M+JV^P, 

and ipk i'* strongly. Hence = lim ||'?/'fe||x = 1 and {JHi+iei)ip* = 

by ( |2.56D again. This contradiction to our assumption shows our claim. 
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Another proof: 

We will use the resolvent estimates Lemma to give a proof, without 
using that Ci is a perturbation of J Hi. Suppose the contrary that we have 
E X which satisfies 0, Ciip = irip, with r = |_E'i|. Write Ci = JH^ + A 
as before and let R{z) = {z — Ci)^^ and Ro{z) = {z — JH^)^^. We have 
{it — JH^,)ip = Alp, hence 

ip = R^{iT)Aip in X. (2.58) 

Let w = aiAip = A*aiip. (Note A* = aiAai). We have that Vw e L^. 
By Lemma ^]5| the L^^-norm of R{z)Vw is uniformly bounded as z — > ir. 
We will derive a contradiction. 

Recall the resolvent identity R{z)A = —1 — {1 — Rq{z)A)^^. Hence p{z) = 
(1 — Ro{z)A)'^w = R{z)Aw + w is also uniformly bounded in L^^, as z ^ ir. 

Recall [§ Lemma 2.3 that {-A-z)~^ = (-A)-i+0( in B {H;\ H^_^) 
for s > 1. Hence for z near ir we have by ( |2.56| ) 

Roiz) = Roi^T) + Oi^/\z-^r\) 

in B [H^^, H^g). Therefore 

{w, w) = {A*ai^, (1 - Roiz)A)p{z)) 

= {A*ai^, [1 - R^{tT)A]p{z)) + (AVi^,0(v^7^)Ap(z)). 

Since UiJ = —Jai, ai{z — JH^) = {z + JH^)ai = {z — JH^)*ai. Hence 
aiRoiir) = Ro^irYai and we have by (|2.58|) 



aiip = aiRo{iT)Aip = RoiirYaiAip = Roiir)* A*aiip. 

Hence 

(AViV', Ro{tr)Ap{z)) = {A*Ro{tTyA*ai^, p{z)) = {A*ai^, p{z)). 

Hence {A*aiip, [1 — Ro{iT)A]p{z)) = 0. Since p{z) is uniformly bounded in 
L?, we have 



iw,w) = iA*aii;,Oi^/\z-tT\)Apiz)) = Oi^/\z - it\) 

as z ir. Thus w = 0. Hence {ir — JH^)ip = 0. If we write ip = [JJ], then 

iru — (—A + t)v = 0, (—A + t)u + irv = 0. 

One gets A{u — iv) =0 immediately. Since u,v E X, we conclude u = iv 
and (—A + 2t)u = 0. Hence u,v = 0. This finishes the proof. 
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2.6 Proof of Theorem (4)-(6) 



We first show the orthogonahty conditions. Recall Ui 



1 

1 



It is 



self-adjoint in CL^. Let C*^ be the adjoint of £i in CL^. We have 



-Lh 
L_ 



and CI = a\L\0\. 

Suppose L\f = uif and Cig = uj2g with uji ^ uj2. We have C\aif = 
diCif = ujiaif and hence 

t^2(cri/,5') = (o-i/,t^25') = (aifXig) = m(^if,9) = (t^icri/,fi') = ^^licnf, g)- 

Hence we must have (cti/, (7) = 0. Therefore we have cri<i> _L <!>, 0-3$, o"3<l>, 
cri$ ± $, cr3$, cr3<l>, etc. If we write u = Ui + iu2, v = Vi + W2 and $ = ["], 
then we have 



uv dx = 0. 



(2.59) 



In other words, {ui,Vi) + (^2,^2) = and (^1,^2) = {u2,Vi). 

If f e S{Ci) and Cig = 0029 with uj2 7^ 0. We have {C[Y(Jif = 0, hence 

(aj^oolg) = {a J, Cig) = {{C\fa,f,g) = {0,g). 

Hence {crif,g) = 0. In terms of components, we get {Qi,Ui) = {Qi,U2) = 0, 



(Ruvi) = {Ri,V2) = 0. The above shows (|2;2|). The rest of (4) and (5) 
follows directly. 

To prove (6), we first prove the following spectral gap 



^-\{Ri,ui,U2}^ > 2 1^1 1 



(2.60) 



We will show the first assertion. Note that by (|2.171 ) we have 



V2 = -00 + Pc(^i)t^2 + 0(^2 



in L^. In particular 11^2112,2 > 1/2, and {vi,L_vi) > {vi, L_Pc{L_)vi) — 
> -Cn\ By (^) 

(f 1, L^vi) + {v2, L_V2) = {v, L_v) = (f , uju) = 0. 

Hence {v2, L^V2) = {v2,L^V2) + 0{n^) < Cn^. We also have {Qi, L^Qi) = 
{Qi,L_Q,) + 0(71^) = + 0(^4). Let Q[ = Qi - (Qi, ^^2)^ II^2||2- We 
have Q'l ± Vj and Q\ = Qi + 0{n^) by ( ^TTD again. Hence {Q'^,L+Q\) = 
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(Qi,L+Qi)+0(n4) =0(^4) < Cn\Q\,Q[). We conclude that L+lspaniQi,.^} < 
Cn^. Since L+ is a perturbation of Hi, it has exactly two eigenvalues below 
^|ei|. By minimax principle we have L+||q^ ^^y± > ||ei|. This shows the first 
assertion of (|2.6(]| ). The second assertion is proved similarly. 
Let Q ('?/') denote the quadratic form: (see e.g. |2^, |23[| ) 



Q{i;) = {f,L+f) + {g,L^g) 



ii^jj = f + ig 



(2.61) 



One can show for any ip ^ L"^ 



Q(e*^^^) = Q{^/j) , for all t, 
by direct differentiation in t. By ( p.60| ) one has 

Qiv) ~ WvWm ' fo^^ any r] G Hc(/:i). 



(2.62) 



Thus 

F^Mlm - Qi^^'^^'v) = Qiv) - Mm ■ 
Similarly, we have by (|2.6CI|) and the above relation 

Since Q(£i?7) = Q(e*^i£i?7), we have Hz/Hji^s ~ ||e*^^?7||^3. By interpolation 
we have ||?7||j:^2 ~ ||e*^^r7||^2- We have proven (6). 

2.7 Wave operator and decay estimate 

It remains to prove the decay estimate (7). We will use the wave operator. 
We will compare Ci with JH^,, where if* = —A — Ei. Recall we write 
Ci = JH^: + A in § p.4| , (|2.55|) . Keep in mind that if* has no bound states 
and A is local. Define W+ = lim^^+oo e'^^^e*"^-^*. Let R{z) = {z — Ci)^^ and 
R^(z) = {z- JH^y\ We have 

W+f-f 

r+oo 

= lim / R{iT + e)A[R^{iT - e) - R^{iT + e)] f dr 

r+oo 

-lim / R{-iT + e)A[R^{-iT - e) - R^{-iT + 6)]f dr. 
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Yajima ||2^, was the first to give a general method for proving the 
(^yf/fc,p^ \Y^>p"j estimates for the wave operators of self-adjoint operators. This 
method was extended by Cuccagna to non- self adjoint operators in the 
form we are considering. (He also used idea from Kato [^). One key ingredi- 
ent in this approach is the resolvent estimates near the continuous spectrum, 
which in many cases can be obtained by the Jensen-Kato method. (See 



2J] Lemmas 3.1 and 3.2 and Lemmas 3.9 and 3.10). In our current setting, 



this estimate is provided by the Lemma p.5| . We can thus follow the proof of 
Q to obtain that is an operator from CL^ onto Hc(£i). Furthermore, 
Wj^ and its inverse (restricted to Hc(£i)) are bounded in (L^, LP)-norm for 
any p G [l,cx3]. (Note this bound depends on n since our bound on R{w) 
depends on n.) By the intertwining property of the wave operator we have 

The decay estimate in (7) follows from the decay estimate of e*"^^*. 
The proof of Theorem ^.2| is complete. 



2.8 Proof of Theorem ^ 

By the same Cauchy integral argument as in Subsection 2.2, the only eigen- 
values of Ci are inside the disks {w : \w\ < y/n}, {w : \w — ieoi\ < ^/n} and 
{w : |w + 2eoi| < \/n}. Moreover, their dimensions are 2, 1 and 1, respec- 
tively, the same as that of J Hi. It counts the dimension of (generalized) 
eigenspaces of Ci in CL^. It also counts the dimensions of the restriction of 
these spaces in real-valued vector space. 

By (|2.9| ), we already have two generalized eigenvectors near 0. Hence we 
have everything near 0. 

Since the dimension is 1 near zcqi, there is only a simple eigenvalue cu^ 
near ieoi. We have t^* = ieoi + 0{n'^) since the difference between £i and J Hi 
is of order O(ra^). tu* has to be purely imaginary, otherwise —ui^, is another 
eigenvalue near zcqi, cf. ( p.l9| ), and the dimension can not be 1. (This also 
follows from the Theorem of Grillakis.) 

By the same arguments in §2.2-2.4 we can prove resolvent estimates and 
the non-existence of embedded eigenvalues. Also, the bottoms of the contin- 
uous spectrum are not eigenvalue nor resonance. 
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Let $ be an eigenvector corresponding to uj^,. Since £1$ = uj^(^ and 
uj^ = —oj^, we have £1$ = — c<j*$. Hence the (unique) eigenvalue near — ieoi 
is —a;* with eigenvector $. Write $ = We may assume u is reaL 

Writing out £1$ = m$ we get L_f = —nu and L+m = —nv. Hence v is also 
real. We can normalize u so that (u, f) = 1 or — 1. Since $ is a perturbation 

of [-$0]' ^^^^ ("'^) = ^• 



With this choice of let CEi and Ei be defined as in (|2.12|) . CEi 
is the combined eigenspace corresponding to icj^,. Clearly RE CEi C Ei. 
Since 



+ h 



RE a$, a = a + hi, 



we have RE CEi = Ei. That the choice of a is unique can be checked 
directly. The statement that if ^ = RE a;$ then CiC, = RE uj^a^ and 
gt£i^ _ ^tui,^^ jg (^i^g^j-. We have proved (3) and (4). 

Clearly, S{Ci), Ei{Ci) and U^iCi) defined as in (U), (|2l^ ) and (|2loD 
are invariant subspaces of under Ci, and we have the decomposition 
This is (2). 

For (5), note that ( 2.10| ) is by definition. For ( p. 11 ), we have 



(Qi, u) = (Qi, {-k)-'L^v) = {L^Qi, i-^r'v) = 0, 
iRi,v) = i-K)-'L^u) = i-K)-\L+R,,u) = i-K)-\Q,,u) = 0. 



( |2.14| ) comes from the orthogonal relations directly. 



The first statement of (6) is because of (5). For the rest of (6), We first 
prove the following spectral gap 

Since L+ is a perturbation of Hi, it has exactly two eigenvalues below ||ei|. 
Notice that {Qi,L+Qi) = (QiL_Qi) + 0{n^) = O(n^) and iv,L+v) = 
{y,—Ku) = —K. Since Qi = ncpi + Oijn?) and f = 0o + 0{n^), one has 
= 0{ii?). Thus one can show L+|span{Qi,i.} < Cn^. If there is a 
(j) L Qi,v with (0, < i|ei|(0, 0), then we have -L+|span{Qi,t,,0} < ||ei|, 
which contradicts with the fact that has exactly two eigenvalues below 
\\ei\ by minimax principle. This shows the first part of ( p.63| ). The second 
part is proved similarly. 
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Recall the quadratic form Q(^/') defined in ( ^.611 ) in §2.6. Also recall 
p:^ ) that Qie^^^ijj) = Q{ip) for all t and all ip e L^. By the spectral gap 



(|2.63| ) one has 



Q(^) ~ WvWhi 7 Qi^iV) ~ WvWh--^ , for any i] E U^iCi) . (2.64) 

For G Ml, we can write = ( + rj, where C = RE a$, a G C and 
T] G Hc(£i). Notice that, by orthogonality in (p.lO|) , 

Q(^) = -\a\\{u,v) + Q{r]) , 

which is not positive definite, (recall {u,v) = 1). However, 

m-H' + \\v\\m ■ (2-65) 



To see it, one first notes that is clearly bounded by the right side. 



Because of (|2.14|) , one has |ap < C W'iplfffi- One also has ||?7||^i < C ||0||^i + 
Cjap. Hence ( p.65|) is true. 

Therefore for ip = ( RE «$) + rj we have 



~ |e-^*"*a|2 + Qie'^'f]) (by (4), {^)) 



c^r + Qiv) (by (CT) ) ■ 



Hence we have He^^^V'll^i ~ ll"^!!//! for a^ t- By ari argument similar to that 
in §2.6, we have He*^^"^!!/^*: ~ ll^ll//'-' for k = 3,2. We have shown (6). 

The decay estimate in (7) is obtained as in Theorem |2.2| (7). The constant 
C, however, is independent of n in the non-resonant case. The proof of 



Theorem 2.1 is complete. 



3 Solutions converging to excited states 



In this section we prove Theorem 1.1 using Theorems 2.1 and 2.2. Since 



the proof for the non-resonant case is easier, we will first prove the reso- 
nant case and then sketch the non-resonant case. Note that we could fol- 
low the approach of Theorem 1.5 of |20] if we had the transform £i Pc^^ = 



— U^^iAU Pc^^ as in However, it is not easy to define A and U for Ci 
and hence we choose another approach. This approach also gives another 
proof for Theorem 1.5 of ||5D[. 
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Fix El and Qi = Qi^Ei- Let Ci be the corresponding linearized operator, 
and Pmi, Pei and Pc^^ the corresponding projections with respect to Ci. 
For any ,^00 ^ Hci^i) with small fl W^'^ norm, we want to construct a 
solution iplt) of the nonlinear Schrodinger equation ( p. . 1|) with the form 



Hi) = [Qi + + Kt)] e 



-iEit+ie{t) 



where a{t),6{t) e M and h{t) G Mi = Ei © Hc(£i). Substituting the above 
ansatz into ( |1.1|) and using CiiQi = and CiRi = —iQi, we get 

dth = Cih + i~^F{aRi + h) - ie{Qi + aRi + h) - aiQi - dRi, 

where 

F{k) = XQi{2\k\^ + k^) + X\k\^k, k = aRi + h. (3.1) 

The condition h{t) G Mi can be satisfied by requiring that h{0) G Mi and 

a= {ciQi,lm{F + eh)), (3.2) 
e = -[a + {ciRi, ReF)] ■ [1 + {ciRi, Ri)a + {ciRi,Reh)]-\ (3.3) 

where Ci = (Qi, Ri)^^ and F = F{aRi + h). The equation for h becomes 

dth = Cih + PmF,u, Fall = ri(F + eiaRi + /i)). 

The proofs of the two cases diverge here. For the resonant case we de- 
compose, using the decomposition of Mi and ( p. 20 ) of Theorem 2.2 , 



hit) = at) + r]it), at) = RE {am + Pit)as^} , 

where a{t),f3{t) G C and r/(t) G Hc(£i). Note 

Ci( = RE {uj^a^ - u^Pas^} . 

Recall u^: = iK + ■y with k, 7 > 0. Taking the projections Pa and defined 
in (|2.24|) of Theorem of the /i-equation, we have 



a = uj^a + PaFaii, (3.4) 

P = -co.p + P(sF,n. (3.5) 

Taking projection P^f^ we get the equation for rj, 

dtT] = CiT] + P.^H'^Or] + Pe^^F, F = i-\F + O^aRi + ())• 
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We single out P^^i ^Orj since it is a global linear term in 77 and cannot be 
treated as error. Let 

Note r] = rj+ P^^(l—e^^)r] and Pc(l— e'^) is a bounded map from Hc(£i)ni?^ 
into itself with its norm bounded by C\9\. Hence if 9 is sufficiently small, we 
can solve 77 in terms of rj by expansion: 

00 

r^ = UeV, ^, = 5][Pc(l-e^^)H. (3.6) 

3=0 

The equation for rj is 

dt?j= P^^^e'^iOr] + dtr]) 

+ P^'e'^ |i^77 -eP^Hr] + P/^Fj 

Note that iOr] -OP^Ht] = (1 - P^^)ieri and 

{ Pc^^e^^^i - A Pe^^e*^} = Pe^^ [e'\ Ci]7] = P,"-^ sin e[i, Ci]r] 

= P^'sme2XQlfi. 

Hence we have 

d^?j = Ci7j+ Pe^i ^sme2XQlf] + e'\l - P^^')ier] + e'^ P^^'F^ 
For a given profile ^00, let 

m-e'^^'^^ + git)- (3.7) 

We have the equation 

dtg = Cig + Pc"^^ {sin 92XQlfj + e'\\ - P^')iQr] + e'^ P^'F^ . (3.8) 

We want gi(t) — > as i — > 00 in some sense. 

Summarizing, we write the solution ^/'(t) in the form 



^{t) = |gi + a{t)R^ + RE {a{t)^ + /3(t)(73$} 
+ C/e(t)(e*^^eoo + ^(t))}e- 



(3.9) 
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with a{t), e{t), a{t), /3{t) and g{t) satisfying and 
(|3.8|), respectively. 

The main term of F is 

Notice that, if ||'Coo||iy2|-|^y2,i < £ ^ 1, then C,(t) satisfies 

WmWm < C{n)e, mt)\\w^^ < C{n)e\tr/\ IW^mV < Cin)e' (t)"^ 

Here we have used the boundedness and decay estimates for e*^^ Pc^^ in The- 
orem |2.2| (6)-(7). Since Qi is fixed, it does not matter that the constant 
depends on n. The main term of Fq is quadratic in ^. Hence 

\\FomH^<Ce' (^)-^ 

As it will become clear, we have the freedom to choose ^oo and Po = /3(0). 
We require that ^ Hc(i2i) and 

Uoo\\mnw^.^<^^ l/9o|<^V4, (3.10) 

with e sufficiently small. With given ^oo and Po, we will define a contraction 
mapping Q in the following space 

A={{a,e,a,(3,g): [0,00) ^RxRxCxCx { H^{Ci) n H^), 
\a{t)\,\a{t)l\P{t)\,<e'/\l+tr', 
\\9mH^<e'^\l + t)-'/\ m)\<2e'/\l + tr' } 

For convenience, we introduce a variable b = 6. Our map Q is defined by 

Q : {a,e,a,(3,r]) — > [a^ , 6^ , , (3^ , r]^) 
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where, with ci = (Qi, -Ri) ^ and F = F{aR + h) defined in (|3.1|) 



h{t) = at) + v{t) 

m 
b{t) 



at) = RE + /3(t)a3<f } , v{t) = Ueit){e''--'U + 9{t)) 



e^{t) 

a^{t) 



a + {ciRi, ReF)] ■ [1 + {ciRi, Ri)a + {ciRi,Reh)]-^ 

t 

(ciQi, Re{F + bh))ds 

t 

b{s) ds 

3 

I e'^*'-'-'^ PJ-\F + b{aR + h)) ds 

J oo 

I3^{t) = e-^**/3o + / e-"*(*"^)p^z-i(F + b{aR + h)) ds 
Jo 

g^{t) = j e^^(*~") Pc^^l sin^2Ag?r7 + e'\l - P/^)i6r/ + 

^ oo 

+ e'^ P,^H~\F + b{aR + C))^ds. 
We will use Strichartz estimate for the term sin 92\Q\f] in the (yf-integral: 



J oo L 'i L « 



<C{n){ / \\f{s,.)\\l, ds 



(3.11) 



for ^ + | = |, 2<g< oo. Here ' means the usual conjugate exponent. 
Eq. (|3.11 ) can be proved by either using wave operator to map e*^^ to 
g-it(-A-_Bi)^ or by using the decay estimate Theorem (7) and repeating 
the usual proof for Strichartz estimate. We will also use 



^2 ~ ||'^^i0|Il2 for (p e Hc(£i 



which follows from the spectral gap (p.60|) . Since sin^2AQ^?7 is local and 
bounded by C{n)e'^{l + t)~^ ■ e{l + t)~'^^'^, by choosing q large we have 



g£i(i-s)p£i e2\Qlf]ds 



< C{n) 



< C{n) 



e^'^'-''^ Pc^'Ci sin 92XQlf]ds 



In particular, we get C£^{1 + 1)^'^/^ by choosing q = A. 

Note \b{t)\ < 2|a(t)|. Since t — s < in the integrand of a. Re u;^,(t — s) < 
and the a-integral converges. Similarly Reuj^,{t — s) > in the integrand of 
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j3 and hence the /3-integration converges. Observe that we have the freedom 
of choosing (3q and ^oo- Since e~'^**/5o decays exponentially, the main term of 
I3{t) when t large is given by Fq, not e~'^**/3o- Direct estimates show that 

\a{t)\<C{n)e\l + t)-\ \(3{t)\ < e^e-^' /A + C{n)e\l +ty\ 
\a{t)\Mt)\<C{n)e\l + ty\ \d{t)\ < C{n)e\l + t)-\ 

Ut)\\H^<C{n)e\l + tr'l\ 

It is easy to check that the map f2 is a contraction if e is sufficiently small. 
Thus we have a fixed point in A, which gives a solution to the system ( p.2| ), 
( |3.3| ), (|3.4|), ( |3.5| ), and (|3.8|). Since it lies in A, we also have the desired 
estimates. We obtain a(0), a(0) and 6'(0) as functions of ^oo and /Jo- 
Recall V^as(i) = gie-*^i*+*''(*) + e-*-^i*e*^i^oo and we have 

m = [Qi + Ueit)e"''U] e-^^*+*^W + 0{t-'/^) in H\ 

Since Pe^i(l - e^^) = 0(^(t)) = ©(r^), by the definition (pj) of Ue, 

= (2 - e*^)e*^^eoo + (1 - P/0(1 - e*')e*^^eoo + O^^) 

in if^ Since (1 - P/^) is a local operator, (1 - P/0(1 - e*^)e*^i^oo = 
0(t-i ■ r3/2)^ Also, e'\2 - e'^) = 1 + 0(6^) = 1 + ©(r^). Hence we 
have ipit) - ip^s{t) = 0(r^/^) in H^. We have proven Theorem |1.1| under 
assumption (R). 

We now sketch the proof for the non-resonant case. The only difference 
is that we define ({t) as RE Q;(t)$ and write '4'{t) in the form 



^{t) = {Qi + ait)Ri + RE + f/,(t)(e*^ieoo + 9{t))} e 



iEit+ie{t) 



The function a{t) still satisfies ( p. 41) but with a purely imaginary eigenvalue 
u^:. The previous proof will go through if we remove all terms related to (3. 
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4 Appendix: Vanishing solutions 



In this appendix we prove Proposition |1.2| . Recall Hq = —A + V. The 



propagator e is bounded in H^, s > 0, and satisfies the decay estimate 



of the form ( p.39| ): 

||e-*^«Pe^V|L.<C|tr3/^ 11011^, (4.1) 

under our assumption Al. See ^ ^, 

For any ,^oo ^ HciHo) with small fl W'^'^ norm, we want to construct 
a solution iplt) of ( |1 . 1|) with the form 



^(t) = e-^^°*eoo + ^7(t), g{t) = error. (4.2) 
Let ^(t) = e"*-^o*^oo- Suppose ||^oo||i^2nH/2,i = e, < e < ^o, we have by (^, 

for some constant Ci. 

The error term g{t) satisfies 

dtg = -iHog + F 
with g{t) ^ as t —>■ oo in certain sense, and 

F{t) = -^Al^rV' = -^ \m + 9{t)f im + 9{t)) , m = e-^^^^'U. (4.3) 
We define a solution by ( [4.3] ) and 

git) = [ e-'"''^'-'^F{s) ds . (4.4) 



Note that our g{t) belongs to and is not restricted to the continuous 
spectrum component of Hq. Also note that the main term in F is |^P^(t), 
which is of order in H^. Hence g{t) ~ t^^. 

We define a contraction mapping in the following class 

A={g{t) : [0,oo) H\R'), ||/.(t)||^. < C^e'{l + tr'} . 

This class is not empty since it contains the zero function. We also define 
the norm 

II^IU •= sup(l + t)^ Ik W 11^2 • 
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For g{t) E A we define 



J oo 



It is easy to check that 



oo 



\\m\\H^ ds 



oo 



< 



if Eo is sufficiently smalL This shows that the map Q maps A into itself. 
Similarly one can show \\Qgi — ^g2\\_A — Wdi ^ 92\\_a, di, 92 ^ A. Therefore 
our map is a contraction mapping and we have a fixed point. Hence we 
have a solution ip{t) of the form ( [4.2|) with e~^^^°C,oo as the main profile. 

Remark. The above existence result holds no matter how many bound 
states Hq has. The situation is different if we linearize around a nonlinear ex- 
cited state. In that case, the propagator e*^^, (£i is the linearized operator), 
may not be bounded in whole L^. 
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